Introduction
Let be the class of functions of the following form:
(1) which are analytic in . We denote by the subclass of consisting of univalent functions and by * and the usual subclasses of whose members are starlike (with respect to the origin) and close-to-convex, respectively. Finally, we denote by the family of functions which satisfy the condition Re ′ . It is well known that . Let be the class of functions of the following form:
which are analytic in . If satis�es Re , then we say that is the Carathéodory function. For Carathéodory functions, Nunokawa et al. [1] have shown some sufficient conditions applying the differential inequalities. In the present paper, using the method of differential subordinations, we derive certain conditions under which we have ≺ , where ≤ ≤ . Our results generalize or improve some results due to [1] [2] [3] [4] .
To prove our results, we need the following lemma due to Miller and Mocanu [5] . 
where
then ( ) (1 + ) (1 + ) and (1 + ) (1 + ) is the best dominant of (5).
and choose
en ( ) is analytic and univalent in , ( ) = ( ) = 1, ( ) , ( ) and ( ) satisfy the conditions of the lemma. e function
is univalent and starlike in because
Further, we have
Since + ≤ 2, from (11) it is easy to know that
Hence the function ℎ( ) is close-to-convex and univalent in . Now it follows from (5)-(12) that
erefore, by virtue of the lemma, we conclude that ( ) ( ) and ( ) is the best dominant of (5). e proof of the theorem is complete.
Making use of the theorem, we can obtain a number of interesting results.
then Re ( ) .
Proof. Let = 1, = 1, = , , , = 2, and = in the theorem, then we have
satisfy the conditions of the lemma. Note that
Hence, similar to the proof of the theorem, we conclude that ( ) ( ), that is, Re ( ) . 
then Re ( ) . 
Remark 6. Note that the function
where is real and | | ≥ (2 + ), then ( ) .
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Remark 8. Lewandowski et al. [3] proved if , ′ , , and
then . We see that Corollary 7 improves this result.
Corollary 9. Let with
for some , then and
Proof. Letting ,
Taking = , = = and = − , = in the theorem, it follows from (5), (6) , and (21) that 2 ′ 2 − − , which implies that (see [6] ).
Remark 10. Frassin and Darus [2] have shown that if and
for some , then
, the function
is analytic and convex univalent in . Since
the disk − 2 − is properly contained in ℎ 3 . erefore, in view of (21), we see that Corollary 9 is better than the result given in [2] .
, and = − in the theorem, we have the following. 
then Re ′ . For = , ℎ 4 properly contains the half plane Re − 2. Hence Corollary 11 with = is better than the result given in [4] .
